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(2) This paper contains five questions.
(3) Follow usual notations and conventions.
(4) Figures on right indicates marks for that section.

1 (@) Define the following terms :
@) Analytic function
@) Harmonic function.
Derive the Cauchy - Riemann differential equation
for a complex analytic function.

w=f(z)=u(x, y)+iv(x, y)
(b) Attempt any two :

@® Show that y =x3 -3xy2 is harmonic and find a
corresponding analytic function

f(2)=u(x,y)+i v(x, y)
(i) Find all solutions of the equation z4 =82 (1+7)

Leave your answers in exponential form and plot
them on an Argand diagram.

@) Use the Cauchy - Riemann differential equations

1 :
to show that f (2):2_4 is analytic.
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2 (@) Define the term : 6
Radius of convergence of the power series.
Show that the radius of convergence of the Binomial

. Z o A .
series n 1s >1; where ¢ 1s any nonzero complex
0
number.

(b) Attempt any two : 8
zn
@) Show that for arg r >0, the series Zﬁ converges

absolutely and uniformly for |z|<r.
@) Let {an} be the sequence of numbers defined by

ay=1, ;=2 and q,=0q, ;+ta, 9; N2

Find the radius of convergence of the power series.
@ii) Define the term : Uniformly convergent sequence.

If a sequence { fn} of functions on a set Sis Cauchy,

then show that it converges uniformly.

3 (@) Define : Holomorphic function. Let R be a rectangle, 6
and f be a holomorphic function on R. Show that

J =0, where gR is the boundary of the rectangle.

oR
(b) Attempt any two : 8
21
@ Evaluate J 5 3 de,
20—z

C

where , C:

Z_E‘ZI with counter - clockwise

orientation.
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(b)
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@) Use Cauchy - Integral formula

241
ad dz,

f
£ ) dz=2mi-f(29) integrate J

z2-z

where C : is a circle of radius 1 with centre at z,;
in the counter - clockwise direction, where
1 =z =1
@) zy=1
@ii) Let S be a convex set, and let y,n be continuous

closed curves in S. Show that Yy, are homotopic
in S.

Let ) be a closed disc of positive radius and let f be
halomorphic on an open disc U containing 7). Let V

be the circle in which is the boundary of 7). Show that

1
for every z,eD, fzo :2_'[
v

O

Attempt any two :

oo

@ Show that f ; a nz is holomorphic for

R,(z)>1; where ¢>0.

2z
(z+4)(z-1)*

@) Find the poles for the function f (z) =

Determine the order of the poles. Further, calculate

the residues at each of the poles.
(iii) Define : Winding number W (v, o) for a closed path
v and with respect to a point (.

3 [Contd...



5 (a)

(b)

S-2633]

Let @(x,y) be a rational function which is continuous
when x2 +4y2=1.

21
Show that J Q(cos 0, sinB)d6 = 2ni
0

(X Residues of f inside the unit circle)

f(z)= é Q(cos 6, sinb),

Where the function F is defined by
z=e® =x+iy.

2z 1 27

Hence, show that J1+a2—2ac0s9de:1—a2 ;
0

for 0<a<1.
Attempt any two :
@ Find the Laurent's series of the function

1
f(Z):m in the regions

() 0<|[z|]<1 and

@) |¢>1
@) Let y,m be two continuous paths in an open set

U and suppose they have the same starting and
ending points. Further, assume that they are close
together. Let f be holomorphic on U.

Show that [f=f
v n

(1) Let g have a simple pole at 0. Then show that

lim | g(z)dz=miRes)(g). Use the above result
e—0 S(e)

sinx o

dx =
2

to prove that J

0 X

6
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